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Finite Element Analysis of Oscillatory Flow with Heat Transfer
Inside a Square Cavity

B. Ramaswamy,* T. C. Jue,tand J. E. Akinf
Rice University, Houston, Texas 77251

In this work, a semi-implicit projection-type finite element method is applied to solve the incompressible
oscillatory cavity flow with heat transfer. The two-dimensional, time-dependent Navier-Stokes and energy
equations are numerically integrated by a time-split Galerkin finite element method using direct matrix solvers.
The time accuracy of the method was tested by calculating the transient buoyancy-driven flow in a square cavity
with differentially heated vertical walls. The oscillatory cavity flow is then studied considering the effects of
heat transfer, Reynolds number, and oscillatory Stokes number to measure the stability of the scheme for such
a high singularity phenomenon. The proposed scheme is found to be stable and convergent for high Rayleigh
numbers, and will be applicable to general problems involving flow and heat transfer, especially in three

dimensions.
Nomenclature
gl = prescribed velocity vector
g2 = prescribed temperature

h = height of the cavity

P =" dimensionless pressure

p* = dimensional pressure

q - = weighting function

Pr = Prandtl number

Ra = Rayleigh number

Re = Reynolds number

t = dimensionless time

t* = dimensional time

Ar = time increment

U - = characteristic velocity

u,v = velocity components in x and y directions
v = weighting function

(x,y) = Cartesian coordinate

o = thermal diffusivity

B = oscillatory Stokes number

B = thermal expansion coefficient
r = piecewise smooth boundary of the domain €
] = dimensionless temperature
6* = dimensional temperature

8* = weighting function

© = viscosity coefficient

v = kinematic viscosity coefficient
Q = bounded domain in R?

o = frequency of the oscillation
Superscripts

n = quantities at time ¢

T = transpose

- = auxiliary value

" = auxiliary value

Subscript

0 = initial value
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I. Introduction

HE solution of practical fluid flow problems by finite

element method has received increasing attention during
recent years. In particular, the solution of incompressible fluid
flow phenomena with and without heat transfer can now be
performed efficiently in many practical cases. Such potential
originates in its ease in handling very complex geometries and
the ability to incorporate differential-type boundary condi-
tions naturally. Among available combinations of the solution
variables, the method using primitive variables is considered
important primarily because these variables are more physical
and have lower order equations, and this form of equation
provides a relatively straightforward extension to three di-
mensions. However, the primitive-variable formulation has
difficulties with the determination of pressure, which has no -
time term, and is coupled implicitly with the divergence-free
constraint on the velocity. This constraint, which is the con-
tinuity constraint equation, prohibits time integration of the
incompressible flow equations in a straightforward manner.
This is one of the major differences from compressible flow
calculations.

The most primitive formulation for the incompressible
Navier-Stokes equations is constructed by the mixed formula-
tion! where the velocity components and the pressure are used
as variables. The coupled equation system of the incompres-
sibility equation and the Navier-Stokes equations can be solved
simultaneously? by such a direct solver as the LU decompo-
sition or the Gauss elimination. The use of same interpolation
for the velocity and for the pressure generates parasitic pres-
sure. These elements do not satisfy the inf-sup condition of
Babuska-Brezzi, as discussed in Ref. 3. Therefore, various
mixed finite element approximations have been developed
recently. Usually, the order of the interpolation function for
the velocity is chosen higher than that of the pressure to obtain
physically reasonable solutions. For example, the multilinear
interpolation function for the velocity and the piecewise-
constant one for the pressure are commonly used in the mixed
formulation. However, this element occasionally yields spatial
oscillation under particular boundary conditions.

The penalty method*-7 is a variation of the mixed formu-
lation. In this method it is assumed that the pressure equals
the negative of a penalty parameter times the continuity equa-
tion. This expression is then substituted into the pressure
gradient terms in the Navier-Stokes equation and pressure is
eliminated. The resulting equations are solved for the velocity
components using the finite element method. The penalty
parameter must be made large enough to enforce continuity,
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but not so large that the other terms in the Navier-Stokes
equations are calculated inaccurately. The pressure is then
recovered from the initial relation. In this approach, the ve-
locity and pressure should also be approximated by the in-
terpolation functions which are consistent with the Babuska-
Brezzi condition. This problem can be resolved using a lower
order integration for the terms associated with the penalty
function.® It should be noted that the reduced integration
technique for the penalty term leads to inconsistent imposition
of incompressibility constraint, since the incompressibility
cannot be retained in the discretized system as explained by
Engelman et al.®

On the other hand, low- and same-order elements are very
attractive for their programming simplicity, and the purpose
of this paper is to develop a stable and efficient method using
bilinear quadrilateral elements. The present effort is restricted
to present a modification to the existing velocity correction
algorithms!°-** that reduces the restrictions on the time step
with simultaneous reduction in computing effort at each time
step. In the following sections of this paper more details about
the theory and numerical methods used in the program for
laminar flow with heat transfer are given. We consider two
numerical tests: transient buoyancy-driven flow in a square
cavity with differentially heated vertical walls, and oscillatory

flow with heat transfer. Although the present results are re-

stricted to square cavities of limited aspect ratio, Prandtl num-
ber, Reynolds number, and Rayleigh number, the procedure
is general and can be equally applied to various complex
problems. !¢ In particular, this method will be cost effective
for three-dimensional problems, which are getting more and
more important in recent days.

II. Problem Formulation

In this study, the fluid is considered to be viscous and in-
compressible, and the flow is laminar. The geometry enclosing
the flow domain is considered to be a two-dimensional square
cavity. The equations to be solved are derived from the basic
physical conservation principles of mass, momentum, and en-
ergy: Let () be a bounded domain in R? and T be a positive
real number. The_spatial and temporal coordinates are de-
noted by (x,y) € Q and ¢ € [0, T] where a superposed bar
indicates the set closure. These generic equations can be writ-
ten for the velocity [u = (u, v)7], kinematic pressure (p,
pressure divided by density), and temperature 6 in the bounded
domain :

ou ou du
a—+blu—+v—

ot ax ay
. [(Pu | du .
= + c(ax2 + ayz) in Q (1)
a & + blu 4 + v id
at a ay
ap #v v .
= —— e + —_—
3y + C<6x2 6y2> + 56in Q ; 2
a6 a0 00 96  &°0
—tdlu—+v—] =el—=+—=]i
T <” x Y 6y> e(ax-’- * ay'2> nQ @)
u  av . '
—_— — =
oy O0in Q 4)

where coefficients a, b, ¢, d, e, and f are assumed different
values for problems considered in this work and are listed in
Table 1.

The governing equations, Eqs. (1-4) are elliptic in spatial
coordinates and parabolic in space and time. Therefore, in
order to formulate a well-posed problem, the boundary con-

Table 1 Coefficients of the governing equations

a b ¢ d e f s

Thermally drivencavity 1 1 Pr 1 1 1 RaPr
Oscillating cavity B Re 1 Re 1Pr B Ral/(PrRe)

ditions must be specified for all boundaries and an initial
condition for the velocities in the domain of investigation is
needed. Let I be a piecewise smooth boundary of the domain
Q. The following boundary conditions are specified for the
subsets of I" for two different problems considered in this
work:

1. The thermally driven cavity

u=v=0, =05 (x=0)
u=v=0, 6=-05 (x=1)

u=v=0,——0 =0
3y =20
u=v=0, ,%9:0, o =1)

2. Oscillatory cavity flow with heat transfer
u=v=20 6=-05 (x=0)
u=v=20, 8=-05 ((x=1)
u=v=0 6=-05 (

0)
u=cost, v=20, =05 (=1

III. Spatial Discretization

A weak formulation of Eqs. (1-4) is obtained by multi-
plying the differential equation with a suitable weighting func-
tion and integrating over . Let H'(Q)“ denote the standard
Sobolev space of vector functions defined on €0 C R“ which
are square integrable and have square-integrable first-order
derivatives with respect to the spatial coordinates. Further-
more, let L?(2) be the Hilbert space of scalar square-integr-
able functions. We multiply the momentum equations by the
weighting function v € H'(Q)¢, v|;, = 0, the energy equation
by the weighting function § & Hl(Q)“ and the continuity
equation by the weighting function ¢ € L*((}), see e.g., Ref.
17, and then integrate over (). After integration by parts of
the stress term, applying the divergence theorem and the
boundary conditions, the following weak form of the original
problem is obtained: Given the proper boundary and initial
conditions, find u(x,f) € HI(Q)d 6 € H'(Q)?, and p(x,f) €
L*(Q) such that

(a a—”,v> + (b - Vuy) = (Vp.y)

ot
— V) + (s.9),¥v € H(Q) Mg, = 0 )
(f%if, ) + (- V)0,8)
= o(V28,5)V6 € H'(Q)",Blr, = 0 ©)
(V- uq) = 0Vq € L*(Q) M
ur, =gl (8)
Olry = 82 ©)

u(x,0) = uy(x) (10)
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The fully discrete form of Egs. (5-10) are obtained by
discretizing the domain () into nonoverlapping subregions called
finite elements. In each element the unknown fields are ap-
proximated by simple polynomial functions. We note that u
and 6 € H'(2) implies that the interpolation of the velocity
and temperature must be continuous across interelement
boundaries, whereas p € L*(}) means that the pressure in-
terpolation can be discontinuous.

When the finite element approximation is applied to Egs.
(5-10) by the Galerkin method, it yields nonlinear simulta-
neous ordinary differential equations of the form

aM_%l;] + HP + cS(U) + bK(U)U = F, (11)
de
M~ + dK(U)® + eS(0) = F, (12)
and
DU =0 (13)

where M,K(U),S,H, and D = HT are mass, convection, dif-
fusion, pressure gradient, and divergence matrices, respec-
tively. Vectors U, @, and P represent finite element solutions
for velocity, temperature, and pressure, respectively. The right-
hand side vectors F,; and F, result from the imposition of nat-
ural boundary conditions and the exertion of a body force.

IV. Temporal Discretization

Many scientists think that the finite element method has
at least a theoretical edge over the finite difference method.
Nevertheless, finite difference solutions of time-dependent
hydrodynamic problems have been applied much more suc-
cessfully in computational fluid dynamics than in finite ele-
ment solutions. One reason is that finite difference solutions
of the initial value problem are most cost effective. Another
reason is that the Navier-Stokes equations have been solved
by the finite difference method since the early 1960s, whereas
finite element method solutions have appeared since the late
1970s. This fact leads to the assumption that finite difference
codes in computational fluid dynamics are more developed
than finite element codes. Although many sophisticated and
large-scale analysis methods have been proposed with the
progress of computers, the transient three-dimensional anal-
ysis of flow remains to be a difficult task both in finite dif-

(i)u:v:(),a_e.=o
dy

(iiY)u=cost,v=0,0=0.5

(u=v=0,0=05 (u=v=0,686=-05

(iDu=v=0,8=-0.5 (i)u=v=0,86=-0.5

(i)u=v=0,19.=0
dy
(Hu=v=0,8=-05

(i) The thermally driven cavity
(ii) Oscillatory flow with heat transfer

Fig.1 Problem definition for (i) natural convection and (ii) oscillatory
cavity flow with heat transfer.

ference and finite element methods because of the enormous
amount of computational storage requirement and CPU cost.
In order to overcome these difficulties, various kinds of com-
putational strategies have been proposed, especially regarding
time integration schemes.'®-2° The time integration schemes
can be classified into the explicit method and implicit method.
The former has an advantage in computational storage, while
the time step must be small enough to satisfy the stability
condition. On the other hand, the latter is not restricted by
the stability condition usually, but the inversions and storage
of large matrices are required in the process of the time in-
tegration. Therefore, the most eligible time integration should
be adopted for each problem, taking the characteristic feature
of the problem into account. The transient flow of incom-
pressible viscous fluid is characterized by the hyperbolic, par-
abolic, and elliptic properties. The hyperbolic and parabolic
properties result from the convective and diffusive terms of
the Navier-Stokes equations, respectively, and the elliptic
property is due to the incompressibility. of fluid. Therefore,
it is. very natural to decompose the time integration of the
incompressible Navier-Stokes equations.into three separated
steps. Such decomposition was originally proposed by. Chorin*
in the finite difference context and was named as the “frac-
tional step” method on which the present time integration
scheme is based principally. That is, the incompressible Navier-
Stokes equations are decomposed into the hyperbolic, para-
bolic, and elliptic equations, and each equation is integrated
fractionally by different suitable time integration schemes. In
the present scheme, the hyperbolic convective equation is
temporally integrated using a two-step " Adams-Bashforth
scheme to save the computational efforts. The fully implicit
time integration is used for the incompressibility equation,
because the fluid is always incompressible. The same time
integration scheme is applied to the time integration of the
pressure gradient term, since the pressure plays the role of
the Lagrange multiplier for the incompressibility constraint
from the viewpoint of the variational principle. Such time
integration yields the elliptic pressure Poisson equation, which
is solved by the direct solvers. The diffusion equations: are
integrated temporally via the implicit backward Euler scheme.
The underlying philosophy of the present study is to reduce
the computational costs as much as possible, daring to sacrifice
the accuracy. The authors believe the fractional step method
is the most suitable for this purpose, not only because the
algorithm can be constructed on a semi-implicit and iterative
base, which naturally requires less storage resources than a
fully implicit and direct base, but also because the CPU time
would be reduced by utilization of an appropriate time in-
tegration scheme for each equation. The resulting algorithm
is the following:

Step 1: Advection Phase

In this phase, only the convective terms in the momentum
equation [Eqgs. (1) and (2)] are considered in vector form:

a aa—': + b(u - V)u = s6 (14)

This phase allows us to determine an intermediate velocity
field U+ from U” starting with U, for n = 0, using the explicit
Adams-Bashforth method for the nonlinear convective terms

aMpUn+1 = aMU"
— bABK(UMU" — 3K(U~)U"~ '] + AsMO" (15)
where M, is the diagonalized mass matrix obtained simply

by summing across each row of the consistent mass matrix- M
and placing the results in the diagonal.
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Step 2: Viscosity Phase .
This phase considers the viscosity term of the Navier-Stokes
equations:

- du
72 - 2
a~ cViy (16)

A first-order implicit Euler time integration scheme is used
here and a new intermediate velocity U *' is determined from
Un +1 by

aMU*' = aMO"+' — cAtS(0m+") a7)

In this phase, the boundary conditions of prescribed velocity
[Eq. (8)] are applied along the whole boundary

(‘]n+1lrg1 - g1n+1 ’ (18)

In cases where a Neumann condition occurs, a surface term
is present in Eq. (17).

Step 3: Pressure Phase and Incompressibility

In this phase, the final velocity field U”*! is determined
from the intermediate velocity U"*! by adding the dynamic
effect of the pressure P**! determined so that the incom-
pressibility condition remains satisfied. From Egs. (1) and
(2), the pressure phase reads

a~ = Vp ;(19)

and is associated with the continuity Eq. (4). Using a first-
order implicit Euler scheme in time, one has

m+1 _ Jm+1
M On+1)

m+1
v + HP 0 (20)

and
DU = 0 (1)

The above represents a system of coupled equations for the
final velocity and pressure. It can be written as a symmetric
system of linear equations for the scalar P**!, which can be
solved by the same direct elimination method satisfying con-
tinuity to machine accuracy:

DMy HP*+' = —gDU0"+'/At (22)

‘ Boundary conditions for Eq. (22) are imposed values where
the pressure is known. Where velocities are imposed Eq. (20)
gives

oP a .-
p——3 . — n+1 __ m+1y —
—=n (0 Uy =0 (23)

provided that the same boundary values are used for I and
U fields. Once the pressure has been obtained, then the final
velocity is computed:

Un+l = [jn+1 - a(AtMBIHPn+l + FQ’“) (24)

Step 4: Temperature Phase

At first we consider the convection terms in the energy
equation:

f% +dw- V) =0 (25)

Using Adams-Bashforth method the following equation for

convection step can be obtained:
M0+ = fM,0" — dA3K(U")6"
— KU -1)0 1] (26)

The final temperature can be obtained by considering a first-
order implicit Euler time integration scheme for the conduc-
tion terms.

MO+t = fM 07+ + eAtSO1 + Frv1 (27)

The boundary conditions of prescribed temperature are ap-
plied along the whole boundary:

V. Numerical Examples

A. Thermally Driven Cavity

Buoyancy-driven flows in an enclosure have received con-
siderable interest in recent years either for practical or nu-
merical analysis reasons. Although most of the problems are
fully three-dimensional and time dependent, the limitations
imposed by both experimental and theoretical techniques have
forced researchers to analyze only those fluid motions that
are believed to lend themselves to approximation by two-
dimensional models, see e.g., Refs. 22 and 23. The Navier-
Stokes and energy equations describing these phenomena are
highly nonlinear, and the strong coupling between the equa-
tions makes it difficult to obtain analytical solutions as well
as becomes a challenging numerical test problem.

The problem of interest here is the unit square cavity con-
taining a viscous fluid. The nondimensional governing equa-
tions represent two-dimensional, unsteady, laminar natural
convection, where the Boussinesq approximation that density
variation is negligible except in the body force term 56, where
temperature-induced variations give rise to a buoyancy term
that contributes to fluid motion, is used. The nondimen-
sional transformation used here includes defining a reference
velocity

U=

=R

and the following dimensionless variables
u; = u/llU
6 = (6% — 09)I(6; — 07)
where 67 is the reference temperature
x; = xtth
p = p*Hl(pa)
t = tralh?

The dimensionless parameters are defined as the Rayleigh
number -

_ pBe(6r — 65k
po

Ra

and the Prandtl number

Pr =

Rilw

Using the above nondimensionalized parameters, Egs. (1-
4) with the proper boundary conditions are solved by the
algorithm listed in Sec. III and IV. The problem definition is
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shown in Fig. 1i. Generally stable and accurate numerical
solutions are difficult to obtain for laminar flow with Ra >
10¢. In this calculation Prandti number is kept constant at 1.0
and the Rayleigh number is assumed the following range of
values: 10°, 104, 10°, 10°, 107. Computed results are shown in
Figs. 2 and 3.

In Table 2, results obtained from present method are com-
pared with those of De Vahl Davis** and indicate that the
computed solutions are good in agreement over a wide range
of Rayleigh numbers. Table 3 compares the maximum values
of the vertical velocities obtained from the present work with

Re=1000, Pr=1.0, Step=500, Time=0.2

9) Streomlines
Moxw0.4196E~04, Minw—0.117E+01
14 Contours, Contour Stspm0.7827E-01

b) Vorticity Contours
Max=0,1695E-01, Minw~0.1279E~01

19 Contours, Contour Step=0.1487E~02

=

=

=\ —

c) Presaurs Contours
Max=0.1037E+03, Minw~0.1319E+03
39 Contours, Contour Stepw=0.5892E+01

d) lsothermal Lines
Max=0.5€+00, Min=—0.SE+00
19 Contours, Contour Stepm0.SE-01

Ro=100000, Pr=1.0, Step=2500, Time=0.1

v

555

i
i ll
i
Y
'
M
M
v

b) Vorticity Cantours
Maxm0.6310E400, Minm--0.2453E+00
19 Contours, Contour ‘Stepw0.4382E-01

o) Streamiines
Moxm—0,7058E~16, Min=w—0.9756E+01
14 Contours, Contour Step=0.6679E+00

6} Isothermal Lines
Max=0.5E+00, Min=—0.5E+00
19 Contours, Contour Stepm0.5E-01

c) Pressure Contours
Mox=0.3850E+04, Min=—0.9613E+04
39 Contours, Contour Stepm0.3366E+03

three benchmark-type results reported in the literature?-27
where care has been taken to ensure good accuracy of the
numerical results.

B. Oscillatory Flow with Heat Transfer

In the oscillatory square cavity with heat transfer, the upper
wall oscillates with a maximum amplitude U, which is used
as the characteristic velocity. The nondimensional transfor-
mation is made by using the following dimensionless variables

u, = ulfU.

Ro=10000, Pr=1.0,. Step=1000, Time=0.2

a) Streamiines .
Mox=0,2170E~03, Min=—0.5099E+01
14 Contours, Cantour. Stepm0.3404E+00

b} Vorticity Contours
Max=0,1263E+00, Mine—0.5089E—01
19 Contours, Contour Step=0.8859E-02

<) Prassure Contours
Max=0.8337E+03, Min=—0.1004E+04
39 Contours, Contour Stepm0.4095€+02

d) Isotharmol Lines
Mox=Q.5E+00, Min=—0.5€+00
19 Contours, Contour Step=0.5E-0%

Ra=10000000, Pr=1., Step=5000, Time=0.05

o} Strecmiines
Max==0.1030E~13, Min=—0,31S5€+02
9 Contours, Contour Stapm0.3155E+01

b) Vorticity Contours
Max=0.7888E+01, Minm—0,6755€+01
9 Contours, Contour Step=0.1464E+01

c) Preasure c«mo‘-ari .
Max=0.1250E406, Min=—0.9667E+06
39 Contours, Contour Step=0.2729E+05

d) tsothermal Lines
Max=0.5E+00, Min=~0.5E+00
19 Contours, Contour StepmQ.SE-01

Fig. 2 Steady-state solutions for natural convection flow in a square cavity.
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x; = xth Table 2 Cavity center and maximum stream function magnitudes
) A for heated cavity
p.= p*h/Upv 4 .
. De Vahl Davis
t=t*w ) Present method (81 % 81 uniform grid)
B = th/V Ra '\I,midl Iq,maxl lq,midl |‘Pmax|
. 3
and the temperature is nondimensionalized as before. All of ig,‘ ;(1);8 é(l);g §(1);(1) ;é;(l)
the results reported in this subsection were started with zero 10° 9217 9.756 9111 9612
velocity and temperature-initial fields. 106 16.682 17.420 16.320 16.750
In this problem, the flow is characterized by four param- 107 29.436 31.550 No data No data
eters; Re, B, Ra, and Pr. In this study, the problem is divided
1.0 s
——o—  Ra=1000 _
o= Ra=10000 Table 3 Comparison of calculated maximum vertical velocity for
0.8 . ——8—  Ra=100000 natural convection in a square cavity .
——o——  Ra=1000000 R: Sonrc Maxi el velocit
Fla10000000 ’a ource aximum vertical velocity
0.6 10 De Vahl Davis?* 19.62
" Markatos and Pericleous? 19.44
y Le Quere and De Roquefort® 19.63
) Present method 19.62
0.4 105  De Vahl Davis 168.59
‘ Markatos and Pericleous 69.08
Le Quere and De Roquefort 68.65
Present method . 68.62
0.2 10° De Vahl Davis 219.36
Markatos and Pericleous - 221.80
Le Quere and De Roquefort 220.57
S K . . . Present method 232.97
00, 10 : 20 20 107 - De Vahl Davis No data
.- Markatos and Pericleous No data
Nusselt number Le Quere and De Roquefort 699.30
’ Present method . 717.04

Fig. 3 Hot wall Nusselt number for the square cavity.

t=0 : t=mn/2 - - Timeaveraged
K N § 20 -
™" Time avera;

- o =0 ged

&_ =

®

& 10}

<

]

2

] .

£

% 4 _r“m‘w

-

$

=

@

40 R : R .
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a) Streamlines a) Streamlines x-axis
Mox=0.000E+00, Min=-0.100E~01 Max=0.150E~01, Min=~-0.150E=01

9 Contours, Contour Step=0.100E-01 ’ 9 Contours, Contour Step=0.300E-02 a)
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2
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Vi 5
E
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z
v.0 0.2 0.4 06 08 10
b) Varticity Contours b) Vorticity Contours X-axis
Mox=0.600E~02, Min=~0,160E—01 Mox=0,120E-02, Min=-0.120E-02 .

21 Contours, Contour Step=0.100E~02 23 Contours, Contour Step=0.100E-03 b)

Fig. 4 Oscillatory cavity flow with heat transfer at ¢ = 0, 7/2, time-averaged, moving wall shear-stress distribution, alid Nusselt number for B
Ra =105 Pr =Re = B = 1.
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@) Streamlines
Max=0.800£--01, Min=—0,200E+00
9 Contours, Contour Step=0.280E~01

b) Vorticity Contours.
Max=0,160E-01, Min=—0.200E~-01
17 Contours, Contour Step=0.200E-02

Fig. 5 Oscillatory cavity flow with heat transfer at ¢+ = 0, 7/2;, time-averaged, moving wall shear-stress distribution, and Nusselt number for

Ra=103,Pr=Re =8 = 1.

a) Streamlines
Max=0.780E+00, Min=—0.780E+00
8 Contours, Contour Step=0.156E+00

@(‘“‘”‘
=

N 2

€) Vorticity Contours
Mox=0.770E—01, Min=—0.770E—01
21 Contours, Contour Step=0.700E—02

Fig. 6 Oscillatory cavity flow with heat transfer at ¢ = 0, 7/2, time-averaged, moving wall shear-stress distribution, and Nusselt number for

Ra =10,Pr=Re =8 = 1.

t=m/2 Time averaged

a) Streamiines
Mox=0.130E+00, Min=-0.130E+00
9 Contours, Contour Step=0.260E-01

b) Vorticity Contours
Max=0.110E—01, Min=-0.110E-01
21 Contours, Contour Step=0.100E-02

b) isothermal Lines
Max=0.500E+00, Min=—0.500E+00
18 Contours, Contour Step=0.500E—01

d) Pressure Contours,
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19 Contours, Contour Step=0.140E+03

30

2F

Shear stress (du/dy) @ y=1

—®=— Time averaged
—e =0
" =12

-20
0.0

0.2 0.4 . 0.6 0.8 1.0
X-axis

a)

=1

Nusselt number @ y
@«

—*— Time averaged
—_— t= 0 :
—_— e =2

02 04 06 08 1.0
x-axis

b)

Shear stress (du/dy) @ y=1
IS a
o o =

g

8

™ Time averaged

n N i "

<
o

02 0.4 0.6 08 1.0
x-axis

a)

Nusselt number @ y=1

0.2 0.4 . 06 08 1.0
x-axis

b)



RAMASWAMY, JUE, AND AKIN: HEAT TRANSFER INSIDE A SQUARE CAVITY 419

a) Streomlines b) Isothermal Lines c) Vorticity Contours
Max=—0.709E—19, Min=—0.520E-01 Max=0.5E+00, Min=—0.5E+00 Mox=0.1E-02, Min=—0.1E-02

14 Contours, Contour Step=0.347E-02 29 Contours, Contour Step=0,333E-01 39 Contours, Contour Step=0.5E-04
t=m/2

0

a) Streamlines b) lsothermal Lines c) Vorticity Contours

Max=0.147E~03, Min=~0.374E-01 Mox=0.5E+00, Min=—0.5E+00 Max=0.173E~02, Min=-0.130E—02

14 Contours, Contour Step=0.250€-02 29 Contours, Contour Step=0.333E-01 29 Contours, Contour Step=0.101E-03
Time averaged

e~

«

v
¥

a) Streamiines b) Isothermal Lines <) Vorticity Contours
Max=0.12E—01, Min=~0.12E~01 Max=0.5E+00, Min=~0.5€+00 Max=0.893E-03, Min=-0.887E-03
15 Contours, Contour Step=0.1S5E-02 29 Contours, Contour Step=0.333E~01 29 Contours, Contour Step=0,593E-04
50
~——*—  Time averaged

7 +of i
ES d i
® @ >
£l § %
3 3 2
220 b ]

2
g 2 :
% 10f 2 %
. v 2
3 H 2
n' 0 &

-vo y o ) 08 10 e oz 04 o6 08 10 e y y y
vo 02 4 eaxis s 4 - - 4 axis™ . g v.0 0.2 0.4, 1xis®® 08 1.0
2 b )

Fig. 7 Oscillatory cavity flow with heat transfer at ¢ =-0, /2, time-averaged, moving wall shear-stress distribution, and Nusselt number for
Ra = 10*, Pr=1,and Re = B8 = 200.
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Fig. 8 Oscillatory cavity flow with heat transfer at ¢ = 0, #/2, time-averéged, moving wall shear-stress distribution, and Nusselt number for
Ra = 105, Pr = 1, and Re = B = 200.
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I

into two major cases: one is Pr = B = Re = 1for Ra = 107,
103, 10* and the other oneis Pr = 1, 8 = Re = 200 for Ra =
10* and 10°. A 30 x 30 uniform mesh of elements is used for
former case and 50 X 50 uniform mesh of elements is used
for the latter one. Problem definition is shown in Fig. 1(ii).
First we investigate the case Pr = Re = g = 1 for Ra =
102, 103, and 10*. Computed results are shown in Figs. 4-6.
From these results, it is clear that the main patterns of stream-
lines and vorticity contours are gradually affected by surface
heating. At Ra = 107 the flow is mainly induced by lid-driven
effect, so the flow pattern displays only the circulation created
by the inertia effect. As Ra increases to 10%, at ¢ = 0 another
vorticity appears and the original vorticity moves to the right
and becomes smaller. When Ra is 104, the two vorticities
become equal which means that thermal effect and lid-driven
effect have equal influence. At ¢t = 7/2 the results are close
to time averaged. This is due to 8 = 1 representing low
frequency which means each step is approximately steady, so
at t = 7/2 and time averaged the zero moving wall velocity
will create the same flow pattern. On the other hand, the
temperature boundary condition is symmetric to the midsec-
tion and the low Re corresponding to low inertial effect does
not affect the temperature field, so it is not varied with time
and all the isothermal lines are the same as shown in Fig. 6b.
From these results, it can be found that the moving wall shear-
stress distribution changes very much with the increase of
Rayleigh number. The Nusselt number is defined as

Il

Nu = —5}:+u6 (28)

According to the above reason, all three cases have the similar
pattern. The Nusselt number has a minimum at the midsection
of cavity and approaches infinity at the corners.

The results of Pr = 1, Re = B = 200, Ra = 104, 10° are
shown in Figs. 7 and 8. At Ra. = 10 the inertial effect over-
comes the natural convection effect, so the flow pattern and
temperature field vary with the lid-driven velocity direction
and only the circulation created by moving lid shear force
exists in the flowfield. Owing to inertial effect, the shear stress
and Nusselt number are not symmetric at ¢ = 0, 7/2. As Ra
= 10° the thermal effect becomes important and the result
depends on time very much. At ¢ = 0 the moving lid velocity
approaching maximum value, all the fluid domain is domi-
nated by inertial terms. At ¢t = #/2 the moving lid velocity
approaching minimum value, the vorticity created by natural
convection becomes larger and these two vorticities have equal
strength. In this case, the problem is dominated by natural
convection and inertial effect simultaneously. Therefore, the
whole domain is sensitive to both factors and changes with
their influences in the flowfield.

VI. Conclusions

The calculation of natural convection within a two-dimen-
sional enclosure is undertaken using a time-split finite element
technique. The primitive equations of motion and energy are
solved along with a pseudopressure formulation similar to the
SIMPLE algorithm. Computer storage requirements and
computation times are less than those required for conven-
tional finite element methods, which usually must solve large,
sparse matrices. The numerical examples discussed in this
paper indicate that in addition to its simplicity, the proposed
scheme is capable of producing reasonably accurate results.
Finally, it may be said that if a time-step iterative solver is
used, the dissymmetry does not cause any difficulties and we
anticipate such solutions will be useful in many applications.
Moreover, the extension to three-dimensional flows will be
the aim of future work.
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